We describe the general algorithms of Nash iteration in numerical analysis. We make a particular choice of algorithm involving multilevel collocation and smoothing. Our test case is that of a linear differential equation, although the theory allows for the approximate solution of nonlinear differential equations. We describe the general situation completely, and employ an adaptation involving a splitting of the inversion and the smoothing into two separate steps. We had earlier shown how these ideas apply to scattered data approximation, but in this work we are interested in the application of the ideas to the numerical solution of differential equations. We make use of approximate smoothers, involving the solution of evolution equations with calibrated time steps.
Introduction
Nash iteration was introduced by J. Nash in [20] and systematized in terms of generalized implicit function theorems by J. Schwartz in [22] and by J. Moser in [18] (see also [19] ). Nash had reduced the embedding problem for Riemannian manifolds to the problem of existence of a solution of an under-determined system of nonlinear partial differential equations for which linearization was not continuously invertible. The smoothing 'iteration' was thus intended to deal with the case when [Dy F(x0, y0)]
is unbounded in solving for y(x) near (x0, y0) such that F(x, y(x)) = 0. In its final form (see [21] ), this work introduced regularization as a postconditioning step in the application of Newton methods for generalized implicit function theorems. A development of these ideas in terms of current numerical methods was given, with complete convergence proofs, in [12] . In the latter article, the special case F(x) = 0 of root determination was considered. This continues in the present work.
We will review the nonlinear theory in the remainder of this section, and suggest various implementations of the general Nash iteration scheme in Section 2. Section 3 is devoted to a discussion of an approximate smoothing operation involving the solution of evolution equations with calibrated time steps. In Section 4 we shall then specialize the general context to a linear differential equation and to a specific inversion defined by radial basis function collocation. We shall exhibit or support the following:
• A multilevel algorithm (without smoothing) which ceases to converge.
• An added smoothing step can sustain the convergence.
• The addition of a smoothing step allows the formulation of nested iteration algorithms which greatly improve the quality of the approximation (when using basis functions of comparable support sizes).
Loss of Derivatives
Suppose that F := Φ(D α ) : Bη,0 ⊂ Y0 → X0 is a differential mapping of order m, from Bη,0 = {v ∈ Y0 : v−v0 Y 0 ≤ η} to X0, where X0 and Y0 are Banach function spaces. The real Hölder spaces and the Sobolev/Besov spaces are the prototypical examples. Assume that F is continuously Lipschitz (Fréchet) differentiable on Bη,0:
It is desired to determine a root of the operator equation F(u) = 0 by a Newton iterative method, involving an approximate inverse G h (v) of the map F (v). We are concerned in this paper with the case when G h is defined by a standard numerical method, i. e. , when G h is an inverse discretization operator and h is the "meshsize" of the discretization. If G(v) represents the actual inverse, and w the current residual, then each differentiation of
leads to a loss of order one in the predicted convergence order. In particular, the approximation of the identity,
is of apparent order O(1) and thus experiences a loss of derivatives. This observation is based upon 'a priori' analysis and is by no means necessary. It does not preclude the possibility that special local approximation properties can induce the validity of an o(1) estimate in certain norms. For example, it appears that finite element methods can satisfy the latter estimate when measured in dual norms; this may be due to the special feature of finite element methods in locally reproducing polynomials of a given order. Classical theories, such as the Kantorovich theory, are based on use of an approximation of the identity of the order of the residual, which translates in the context of numerical methods to a polynomial function of the grid size, chosen adaptively according to the current residual. The 'a priori' analysis suggests that these theories are only selectively applicable. For those readers who wish an analogy to the finite-dimensional case, loss of derivatives is analogous to the situation of rank-deficient inversion. As Nash originally envisioned it, the situation of concern is when the differential operator is not continuously invertible over the entirety of its natural range space. However, the point of [12] is that an analogue of this can occur even in smooth problems where the differential operator is invertible: if the deficiency is measured in terms of approximation by discretization operators. We note that it is still possible for convergence of Galerkin approximations, say, to occur without residual norm decay. The Babuška-Aziz inf-sup theory describes such a situation in the linear case in a variational context (see [1] and [13] ).
It is worth commenting on the role of smoothing. On the one hand, the goal of superlinear convergence is not the sole motivation. Indeed, at the level of the ground space norm (L2, for example), one could achieve this directly by the choice of sequential mesh spacing if convergence were assured. However, typically this rate does not persist with derivatives. Clarity of shape preserving, which is related to derivatives, may dissipate. Moreover, there is no clear link to computational complexity at this level of analysis. Important computational procedures such as multigrid attempt to correlate the dimension of the Galerkin subspace with the work function in a linear or log-linear manner. When this is done, residual decay is an essential component. The Nash iteration we propose combines residual decay with a superlinear rate of convergence persisting through derivatives at least the order of the differential operator. The computed approximation thus displays not only accuracy, but integrity with respect to shape and contour. Moreover, our analysis is primarily intended for the case of nonlinear problems, where the same conclusions hold. • These spaces are continuously embedded, so that, for σ < σ,
Framework for the Postconditioning Iteration
There is a similar statement for {Yσ}.
• There exists a smoothing St: X0 → X∞ for t ≥ 1:
There is a similar set of inequalities assumed for the spaces {Yσ}.
It is necessary, finally, to express how the mapping F, its derivatives, and approximate inverses behave relative to this scale of spaces.
Definition 1.2
We explicitly assume the following. 
Here, we have used the symbol B1,γ ⊂ Yγ to denote the ball of radius 1.
• The maps {G h (v)} are uniformly bounded in h and v from Xσ to Yσ−γ for γ ≤ σ ≤ s:
Remark Inequality (4) is the key inequality which distinguishes, say, Nash iteration from Kantorovich iteration. In the latter, one requires (4) to hold with Xγ replaced by X0. The failure of (4) with X0 and (5) constitutes the loss of derivatives characterization.
The following result was proved in [7] . The corresponding result for Hölder spaces was proved by Hörmander [11] . 
Here the norms · a,p and · b,p are used to denote either Sobolev or Besov space norms depending on whether or not a, b are integers.
In principle, this result forms the basis for smoothing via a convolution equivalent to high frequency cutoff. In practice, the implementation in the spatial domain is badly conditioned because of the highly oscillatory nature of the convolution kernel.
Nash Iteration
We discuss the approximate Newton method with postconditioning (Nash iteration) and the fundamental parameters. We begin with u0, the initial iterate, and identify u0 with the center v0 of Bη,0. More generally, u0 will be the center of the closed balls Bc,σ ⊂ Yσ of radius c. We assume f0 = F(u0) ∈ Xs, u0 ∈Ys,
where ρ > 0 and 1 < λ < s. We need a parameter β, satisfying 1 < β < 2, to control superlinear convergence later. In terms of these quantities, we require
Similarly, we select a parameter θ > 1 to describe acceleration of convergence, and parameters
to serve as smoothing speeds. We assume inductively that u k−1 ∈ Ys∩B1,γ has been defined for k ≥ 1. Then u k is defined by Newton/postconditioning iteration:
Here the parameter h k is subject to specification (cf. (11) below), so that the function τ (h k ) is of the order of F(u k−1 ) (see (11) below). The iteration is required to converge in Yµ for specified µ ≥ 1. The relations among γ, s, λ, β, θ, and µ are given in the definition to follow. For ease of estimation, we assume that M is chosen so that M is sufficiently large.
Definition 1.3
The relations satisfied by the exponents and parameters are presented here. We require 
The choices θ = 1.16, λ = 29 6
, s = 47 6
and β = 1.4, for µ = γ = 1, satisfy the necessary inequalities (10 a-c) with λ0 = 0.1 and s0 = 0.016. They are restrictive upon ρ, however, and should eventually be replaced by other choices. 
The Superlinear Convergence Theorem
The proof, described fully in [15] , proceeds by establishing the following statements recursively for k ≥ 0:
Remark The preceding theorem can serve as an existence theorem as well as an approximation theorem. The reader may inquire as to what fails in the absence of an operator root. The most likely source of failure is the breakdown in selecting a compatible pair ρ, u0, such that ρ is sufficiently large and the starting iterate u0 satisfies (6, 7) in relationship to ρ. By sufficiently large here we mean the technical comparisons described in (2.20 a-e) of [12] (or (7.21 a-e) of [15] ) which restrict the sizes of certain ratios of powers of M to powers of ρ or certain classical functions of ρ. The remaining restrictions are detailed in (1a, b) and Definition 1.2. The number η which appears in the induction inequalities above is defined in (2.20 d) of [12] (or (7.21 d) of [15] ) as a bound for the ratio of M 4 to a classical function of ρ. As such, it is not a restriction on this ratio, but a measure of it.
The Connection to Multilevel Iteration
In a previous paper [7] we described the connection between multilevel scattered data interpolation as suggested by Floater and Iske [8] and approximate Newton iteration. In this section we will elaborate on those ideas as applied to the solution of nonlinear partial differential equations.
In the following we will denote a generic nonlinear PDE with
Here f ∈ Xσ and u ∈ Yσ with Xσ and Yσ appropriate Sobolev or Besov spaces (see [7] ). We denote the problem linearized at u k−1 by
which suggests that we consider the mapping F to be of the form
For the algorithms discussed in this section the other mappings introduced earlier, the numerical inversion G h and the smoothing St, remain arbitrary (subject to the conditions stated above). In our numerical experiments later on we will represent G h by collocation with locally supported radial basis functions on a grid X with "meshsize" h, and approximate St by a forward Euler discretization of certain evolution equations based on the (bi)-harmonic operator (see Section 3 for details).
An approximate Newton scheme with postconditioning is then given by (9) . Using the notation just introduced this is equivalent to
It is possible to interpret this basic algorithm in various different ways. We now describe several possibilities.
The "Simple" Algorithm
The specific choice of numerical inversion G h prescribes via (11) that in each iteration the meshsize h k be coupled to the size of the residual F(u k−1 ) = f − Lu k−1 . Since this coupling is very difficult to monitor in practice, in our experiments we work with a hierarchy of computational grids {X k } whose meshsizes change regularly (i.e. h k = h k−1 /2). The connection between this finite-dimensional computational framework and the infinite-dimensional function spaces used in the previous section is either done as in the classical finite element or finite difference framework, where the approximate solutions u k are represented by their nodal values on the grids, or -as in our experiments -as finite-dimensional linear spaces spanned by the translates (about the mesh points) of an (everywhere defined) radial basis function.
The first algorithm is a direct analog of the Floater-Iske method which we have applied previously to scattered data approximation and linear differential equations (see [4] , [5] , [6] , [7] ). The correction v is computed with one single computational step on the next finer grid X k . Thus the "simple" algorithm can be given as
Smooth the residual and update:
Step (a) corresponds to an application of G h k (u k−1 ) to the residual F(u k−1 ), and step (b) describes the postconditioning via St k as defined in (9) .
For L = L and L = L = I, respectively, this covers the cases studied earlier in the references listed above.
Nested Iteration
In this section we offer two refinements of Algorithm 2.1. The first variation is to add an "inner" iteration to the "outer" Newton iteration. One can view this as Nash iteration where the numerical inversion G h is implemented by an iterative numerical method. We fix a number N of nested computational grids X1 ⊂ X2 ⊂ · · · ⊂ XN . It is the finest grid, XN , on which we want to know the Newton approximation. Thus, the meshsize h k is fixed in this version. The hierarchy of grids is used to compute the update v by solving the linearized problem on these grids. The algorithm for this case is 
and so
Smooth the correction and do Newton update:
The motivation for this version of the algorithm is efficient computation of the Newton update vN , i.e., instead of computing vN on XN directly, this is done in an efficient multilevel procedure using the coarser grids (which is of course the same philosophy used in multigrid methods).
In theory the meshsize of the finest mesh, XN , would have to change from one iteration to the next (as explained for the "simple" algorithm). Thus, a more accurate notation for the computational grids would be
. In principle, N could also vary with k. In our implementation we keep the computational grids fixed, i.e., we obviously violate the dependence of the meshsize on the size of the residual (as prescribed by (11)), and simply return to the coarsest grid to start the computation of the next Newton update. Without any added smoothing Algorithm 2.2 was already suggested by Wendland [24] . His description, however, was limited to the case in which G h is given by a multilevel Galerkin approach using compactly supported radial basis functions. The motivation for the return to the coarsest grid in [24] was given by the fact that the "simple" algorithm ceased to converge at some level -but a return to the coarsest grid led to a procedure with better than linear convergence. In the multigrid literature this process is also known as Kaczmarz smoothing [16] .
A second variation of Algorithm 2.1 is given by
Algorithm 2.3 (Nested Iteration II)
1. Let u0 = 0.
For
k = 1, 2, 3, . . . (a) Let v0 = 0. (b) For = 1, 2, . .
. , k i. Solve the linearized problem
Lu k−1 w = f − Lu k−1 − Lu k−1 v −1 on X . ii. Update v = v −1 + w . (c) Now Lu k−1 v k = f − Lu k−1 ,
and so
The only difference to Algorithm 2.2 is that now the finest grid changes from one Newton iteration to the next, i.e., u k is the Newton approximation on X k . This is more in the spirit of the theory (variable meshsize). It also has as a consequence that the number of iterations in the inner loop is no longer fixed.
There are, of course, many other possible implementations of the basic Nash iteration scheme (12) similar in flavor to the many different strategies for cycling through multigrid. Moreover, adaptive mesh refinement is certainly one avenue which needs to be explored. Another question related to the nested iterations is whether it is appropriate to employ further smoothing steps during the inner iterations. One could then interpret the resulting procedure as one for which the linearized problem also is solved by a Newton method -via an application of the "simple" algorithm.
Approximate Smoothing via Explicit Time Stepping
At its heart, Nash iteration is based upon a framework of smooth function spaces (cf. the estimates for s and λ following Definition 1.3). In particular, we must be able to infer the inequalities of Theorem 1.1 for a, b ≤ s. Actually implementing this is quite rigorous for s = 8, for example. This is because of saturation encountered with positive kernels such as the Gaussian kernel. In order to obtain higher order convergence, oscillatory kernels must be employed if one is using direct kernel convolution. In order to circumvent such computational difficulty, it is customary to use approximate smoothing, based on the solution of initial value problems. It is not our intent in this paper to present a complete mathematical exposition of approximate smoothing. However, for the reader's interest, we wish to summarize the mathematical foundation upon which it rests. We describe this now.
It has been known for some time via semigroup methods and the resolvent calculus that smoothing can be defined involving limits of the latter (see [2] , Section 4.2, for elaboration). What makes this possible is the fundamental property of the resolvent calculus given by
for all f in the semigroup domain. Here, R denotes the resolvent of A:
It is this property which is made precise in [2] in terms of saturation. In general, the smoother the domain of A, the more rapid the convergence in terms of classical rates. If strict correlation with the smoothing requirements on St were maintained, one would require that A be of order at least s. It is possible to construct the resolvent convergence approximately via an implicit time stepping method. Indeed, by properly identifying λ with 1/∆t, one deduces the convergence of the implicit or backward Euler method (the Trotter-Kato theorem is a rigorous statement of this fact, sometimes called the method of horizontal lines; see [14] ). One can actually verify directly the convergence of the explicit method (forward Euler method), and thus deduce the smoothing properties of the latter, via the identification with the implicit limit. In what follows, we employ the explicit method rather than the implicit method. However, we employ only the Laplacian and its operator square for the approximate smoothing (see (15, 16) ). We briefly discuss the time stepping now.
We consider this in the context of the numerical experiments described below, which involve a two-point boundary value problem with homogeneous Dirichlet boundary conditions on (0, 1). Given the Newton correction v, we take as the smoothed correction, Stv, the solution at time t of one of the following problems:
The first of these is the classical heat equation in one spatial dimension, for which the time-dependent Green's function (or "heat kernel") is precisely the Gauss-Weierstrass kernel, here convolved with the odd-periodic extension of v (as utilized in the smoothing context in [5] and [7] ). The second problem above gives a similar evolution but for the biharmonic operator. Approximations to the actions of these smoothers can be efficiently realized using finite differences and explicit time stepping.
In the earlier notation, As = sxx in the harmonic case, and As = −sxxxx in the biharmonic case. Since the order of A serves as a saturation index, the biharmonic smoother is inherently superior in relation to the general theory.
On a uniform mesh (xi = i∆x, i = 0, . . . , n, ∆x = 1/n), denote the standard central difference approximations
Then we approximate (13) by x are all the same, namely, the Fourier sine modes sin(kπx). From this one can obtain explicitly the eigenvalues of the iteration matrices G1 and G2: Thus for the case of smoothing with the heat kernel, we obtain the following distinguished values of the ratio r := ∆t/∆x 2 : r = 1/2 (maximum stable time step), r = 1/3 (maximum smoothing of the highfrequency modes n/2 < k < n)-this corresponds to the "damped Jacobi" smoother utilized in some multigrid algorithms [10] -and r = 1/4 (maximum smoothing of high-frequency modes subject to the restriction λ k > 0). For the biharmonic smoother, the corresponding ratios of r := ∆t/∆x 4 are r = 1/8, 1/10, and 1/16. Aspects of these approximate smoothers can be controlled by choosing different values of these ratios along with varying the number of time steps taken.
Numerical Experiments
We will now illustrate the Nash iteration scheme with implementations of the algorithms of Section 2 for a linear problem. All examples will be based on the following simple linear two-point boundary value problem:
where u(0) = u(1) = 0. The unique solution to this problem is given by u(x) = sin πx.
Since the differential equation in our test case is linear, G h (u) does not depend on u, and so the Newton scheme of (12) is simply
beginning with u0 = 0.
Radial Basis Functions
We implement the approximate inverse G h using radial basis function (RBF) collocation. The radial functions φ ,κ we use come from a class of functions introduced by Wendland [23] . These functions are compactly supported and built of polynomial pieces. Simple direct formulas for computing the φ ,κ are (see [4] ) +κ+1, where κ ensures that φ ,κ ∈ C 2κ . With this choice the functions are positive definite, and thus the associated collocation matrix is assured to be invertible.
Solving the boundary value problem by collocation corresponds to satisfying the differential equation and the boundary conditions pointwise on some given set of points X = {x1, . . . , xn}. One of the advantages of radial basis functions is that these points do not have to be on any kind of (regular) grid. Thus, radial basis functions can be considered as a meshless method. Furthermore, many different types of boundary conditions can be handled very easily by the collocation method. The expansion we use for the solution of our one-dimensional example (17) is of the form
Here the collocation points x1 = 0 and xn = 1 lie on the boundary, and the remaining xj are located in the interior of the interval. The superscript (2) indicates that L acts on φ as a function of the second variable, i.e., the center location. Expansion (19) is motivated by a connection to scattered Hermite interpolation which ensures the invertibility of the related collocation matrix (for more details see [3] , [5] or [9] ). We point out that the collocation points and the centers are both chosen to coincide with the mesh points x k . We follow this widely used approach since this is the situation for which the theoretical foundation is sound. For the more general situation not much is known theoretically. We use the general form of expansion (19) on all computational grids X k . The basis functions φ differ from mesh to mesh by a change in their support size. We point out that even though the computational grids X k are nested, the approximation spaces
are not. Here δ k denotes the scale for the support size of φ on X k .
In order to get a rough idea for the loss of derivatives (see (4) ) to be expected when using radial basis function collocation we refer to the only known convergence estimates for collocation with radial basis functions. In [9] upper bounds for L∞ convergence rates of the solution of an mth order elliptic partial differential equation via symmetric radial basis function collocation on a single fixed grid were given as
For this result the authors required that the smoothness of the basis satisfies 2κ > m + d/2 and the smoothness of the solution u ∈ H σ (Ω) satisfies σ > m + d/2. According to a remark in [9] one can expect to pick up an additional factor of h d/2 for the L2 convergence rate. The approximate solution u h in (20) is a linear combination of basis functions which have a fixed support size throughout. Convergence is achieved by using more and more centers, thereby decreasing the "meshsize" h.
For our problem we have d = 1 and m = 2, so that the basis functions have to be chosen to be at least in C 2.5 . The expected convergence order follows from any additional smoothness built into the basis. In our experiments we used the function φ5,3 which is C 6 and positive definite in IR 3 . Therefore the L2 convergence rate one should expect for using this function for collocation on a single grid is at least O(h 4 ), and we should therefore expect γ to be 4 at least. (In practice, on a single grid, we have observed rates which are almost O(h 8 ).) As indicated in Section 2 we make use of a hierarchy of computational grids {X k }. In our experiments below we will always take X1 to consist of 5 equally spaced points in [0, 1]. The finer grids are obtained by halving the meshsize of the previous grid.
The linear systems arising at each level are solved with the conjugate gradient method and Jacobi preconditioning. In order to have a meaningful initial approximation the support of the basis functions for the coarsest grid is chosen so large that the matrix on the coarsest grid is a dense one.
For the subsequent levels we use two different strategies to determine the support size of the basis functions. In one group of tests we insist on keeping the bandwidth of the collocation matrices fixed, i.e., the support size of the basis functions is halved from one level to the next. This guarantees that the computational cost remains proportional to the problem size. However, as can be seen by comparing Tables 1 and 3 the convergence properties suffer. Therefore, in a second group of experiments, we let the bandwidth increase slightly from one level to the next. This has beneficial effects on the convergence, but at an added computational expense.
The errors and residuals in the tables below are computed either on the next finer grid, or on a common very fine grid. The convergence rates are determined as rate = ln
where w k is either the 2 error or the 2 norm of the residual at level k. In order to judge how well the various implementations fit into the theory we offer another interpretation of equation (11), the coupling between the meshsize and the norm of the residual. If we consider τ (h k ) to be of the form τ (h k ) = h γ k , and assume that the mesh refinement is done uniformly for all levels such that h k+1 = h k /α for some α > 1, then taking the ratio of h
(corresponding to the maximal allowable meshsize) for two consecutive values of k implies
Using α = 2 and equation (21) we see that ideally we should have rate = γ. This, however, is almost never the case in our numerical simulations, and superlinear convergence is not achieved. In fact, for any value of α > 1, the choice of the maximum allowable meshsize yields
This formula is useful for monitoring whether the mesh refinement strategy agrees with the theory, but it is of no help in adjusting the meshsize, since the ratio F(u k−1 ) / F(u k ) depends on α.
RBF Collocation without Smoothing
For comparison purposes we start off with the results of two experiments using Newton iteration without an added smoothing step. The only way of performing collocation on a hierarchy of nested grids is by using the "simple" algorithm. A return to the coarsest grid is not possible, since the residual is already zero there from the previous computations.
Example 1.
The bandwidth B of the collocation matrices is kept fixed (see the second rightmost column of Table 1 ). In the last few iterations the matrices -even though they are of dimension 1025 × 1025 and larger -are very sparse (cf. the percentage of nonzero elements listed in the rightmost column). This strategy, however, has a serious (and possibly surprising) drawback: after a few steps the algorithm ceases to converge. The residual F(u) is still being reduced, but at an increasingly slower rate. Table 2 shows that for a larger (but fixed) bandwidth the algorithm also stops converging. However, this happens at a later stage (around iteration 9 instead of iteration 5). In this case, a decrease in the reduction of the residual is just starting in the last few iterations. A phenomenon similar to this was described in [17] in the context of quasi-interpolation with Gaussian kernels, and referred to as approximate approximation by the authors. The fact that the 2 errors are on the order of machine precision is no reason for concern, since the absolute value of the error is still on the order of 10 3.03 65 1.63 Table 2 : Newton iteration without smoothing. Constant (but larger) bandwidth.
Example 2.
In order to maintain a positive convergence rate throughout we now list the results of an experiment identical to Example 1, except that now the bandwidth of the collocation matrices is increased slightly from level to level. The bandwidth along with the sparsity of the matrices is again listed in the two rightmost columns of Table 3 . The runtime of this algorithm is now considerably increased. The reward is an improvement of the final error by a factor of roughly 50, and the residual of more than 100. Even better results can be obtained by increasing the bandwidth even more rapidly (see Table 13 ). 
The "Simple" Algorithm
In the next set of experiments we add a smoothing of the Newton update v based on biharmonic time stepping as indicated in (16) before moving on to the next finer grid as prescribed by (18) .
Example 3.
Everything here is the same as in Example 1 (with bandwidth B = 17), except for the smoothing for which we define the ratio r = 1/10, and use 9 time steps at every level. The fact that the meshsize is decreasing from one iteration to the next results in the smoothing being more and more localized, i.e., the smoothing is approaching the identity as required in the general theory of the Hörmander type smoothing (see (3a)). The choice r = 1/10 results in a "stencil" which includes negative coefficients. This is also consistent with the interpretation of Hörmander smoothing via convolution where the Fourier transform of the smoothing kernel needs to be C ∞ 0 and identically equal to one in a neighborhood of the origin -giving rising to an oscillating smoothing kernel (see [7] ). We observe that the smoothing in this case has a negative impact on the performance of the algorithm. The original algorithm performs so poorly that the smoothing -which will always start off slower -can not catch up. The slight increase in the errors here is an artifact attributable to the fact that the error at level k is computed on X k+1 . The increase in the residual at the beginning is real. 0.30 Table 4 : Newton iteration with biharmonic smoothing. Constant bandwidth.
Example 4.
In this test we add the same smoothing as in Example 3 to the algorithm of Example 2, i.e., we use an increasing bandwidth coupled with biharmonic time stepping. In Table 5 we can clearly observe some of the benefits of the smoothing. After a slow start, beginning with the fifth iteration, the error with smoothing remains lower than without smoothing (cf. 
Algorithm 2.2
As already mentioned in Section 4.2, the only way to do collocation without smoothing on a hierarchy of meshes is to proceed from the coarsest to the finest grid in one sweep. If a smoothing step is added, then it is possible to return to the coarsest grid since in this case the residual has been "smeared out" by the smoothing. It will be evident from the remaining examples, which all make use of this fact in some way or other, that returning to the coarsest grid is extremely beneficial. We start out with an application of Algorithm 2.2. This is only a slight modification of the "simple" algorithm. There is no smoothing during the "inner" iterations, but before returning to the coarsest grid one smoothing operation is added.
Example 5. The setup for this test is as follows: we use five grids (of 5, 9, 17, 33, and 65 equally spaced points) for the inner iteration. After an approximate solution on X5 has been computed, we smooth the Newton update using biharmonic timestepping with r = 1/10. Five time steps are used throughout, and the bandwidth of the matrix is kept fixedat B = 17.
The benefits of returning to the coarse grid are obvious. By the end of iteration 2 the error has reached 2.6 10 −9 -a value almost 1000 times smaller than what we were able to achieve on 4097 points in Example 1. The residuals are also smaller. 0.05 This algorithm is extremely efficient in its first 2 or 3 iterations. Moreover, it is computationally very efficient since it operates on very coarse grids with matrices of size at most 65 × 65. Therefore we can employ basis functions with a much larger support.
Example 6.
Here we use basis functions with a fixed support covering the entire interval. This leads to full collocation matrices (which is tolerable as long as they stay small in size). Since only the first few iterations are significant we restrict the entries in the next table to these. A comparable accuracy was obtained with the other algorithms only at a far higher computational cost (e.g., see the results in Table 13 
Algorithm 2.3
The final group of examples illustrates the performance of Algorithm 2.3.
Here we have computed all errors and residuals on a very fine grid of 8193 points. The smoothing itself is also performed on the evaluation grid. In order to keep the connection to the Hörmander smoothing, the number of time steps is taken inversely proportional to the smoothing speeds defined in equation (8) . Thus, the number of time steps is determined via
The next two examples are analogous to Examples 1 and 3, i.e., the bandwidth of the matrices is kept fixed at B = 17.
Example 8. First we use Laplacian time stepping with r = 1/3. In order to determine the number of time steps for the smoothing, the values κ = 15000, ρ = 2.5, θ = 1.2, and β = 1.3 are used in (22) .
We can see that this algorithm has the "nicest" performance. After an initial decrease in the rate of convergence which is attributable to the poor convergence of the underlying algorithm (see Tables 1 and 4) 2.07 Table 9 : Algorithm 2.3 with harmonic smoothing. Constant bandwidth.
Example 9.
This experiment is identical to the previous one, except that we now use biharmonic smoothing (with r = 1/10), and the number of time steps are computed using κ = 5000, ρ = 2.5, θ = 1.25, and β = 1.25. The performance of the algorithm is similar to the previous one. However, it takes longer for the beneficial effects of the smoothing to show. Our last two examples should be compared to Examples 2 and 4, since we are now using collocation matrices with an increasing bandwidth.
Example 10.
Laplacian smoothing with r = 1/3 and the same strategy for the choice of time steps as in Example 8 is used. As to be expected, the errors and residuals in Table 11 are smaller than those in Table 9 . The errors in Tables 5 and 11 
Conclusions and Closing Remarks
All tests in this paper were designed to illustrate the effects of smoothing within the Nash iteration framework. It should be pointed out that far more accurate results for any of the algorithms can be obtained by increasing the bandwidth of the collocation matrices even more from one level to the next. Since then the resulting errors become extremely small (approaching machine accuracy), and since the matrices become quite dense, those choices do not lend themselves to illustrate the convergence behavior of the algorithms. The following table shows the dramatic improvements that can be obtained in this manner in the case of the "simple" algorithm without any kind of smoothing. The iteration was taken to 1025 points only since the solution of the linear systems (which have only about 75% zeros) and the evaluation of the approximation and the residuals at this point takes an intolerable amount of time on our desktop PC. 4.60 283 25.9 Table 13 : Newton iteration without smoothing. Increasing bandwidth.
In this paper we have presented Nash iteration as a theoretical framework for the numerical solution of partial differential equations. This Newton algorithm with postconditioning can be interpreted in many different ways, some of which we suggested in Section 2. The theoretical framework is sufficiently general to cover most traditional numerical methods for the solution of partial differential equations. Our numerical examples focussed on one specific numerical inversion, namely the use of radial basis function collocation. For this choice of method several interesting observations were made: 1) A multilevel algorithm (without smoothing) ceases to converge. However, by choosing an appropriate support size of the basis functions (=bandwidth of the collocation matrix), the size of the obtainable error can be made small enough to satisfy any practical requirements (see [17] for the discussion of a similar phenomenon using (quasi-)interpolation with Gaussian kernels). 2) An added smoothing step can sustain the convergence.
3) The addition of a smoothing step allows the formulation of nested iteration algorithms which greatly improve the quality of the approximation (when using basis functions of comparable support sizes).
